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I. INTRODUCTION
Neutron (as well as other studies) of the classic quadratic 2D antiferromagnets K 2 NiF 4 , Rb 2 MnF 4 , and K 2 MnF 4 were instrumental in providing support for the current theory of critical phenomena. In particular, the neutron scattering (NS) measurements of Birgeneau et al. 1 determined that the values of the critical exponent b in these systems were very close to the exact 2D Ising model value of 1/8. In connection with unrelated issues, we were recently led to reexamine the results of Ref. 1 , as well as other determinations of b in 2D magnetic systems, and found strong evidence that the neutron results may be seriously in error. Extending this analysis to 2D ferromagnets gave additional indications that our findings may actually pose substantial empirical hurdles for current critical theory.
Birgeneau et al. 1 made the very interesting observation that the sublattice magnetization of K 2 NiF 4 and Rb 2 MnF 4 when fitted to the usual critical region power-law equation, M=M 0 ¼ Dð1 À T=T c Þ b , followed the magnetization curve all the way up to $ 90% M 0 (unlike 3D counterparts), and even on the low-temperature side deviated only slightly from the measured magnetization curve. The critical region equation coincides with the magnetization curve exactly up to $ 0:90M 0 , and then still hugs it closely up to T ¼ 0. This result is characterized by the value of D being close to 1.0, instead of some 20% higher, as in the case of 3D magnets and the 2D Ising model. We will refer to these specifications of the 2D critical behavior as the Birgeneau et al. Critical Region Characterization (BCRC).
We have examined a number of systems in which the magnetization (or sublattice magnetization) of 2D systems was measured with fairly good precision and found that indeed the BCRC criterion appears to hold. Since the exquisitely beautiful and precise NMR data of de Wijn et al.
2 on the classic 2D systems were available to us in numerical form, 3 we examined them for consistency with the neutron data of Ref. 1 using the BCRC criterion as a guide, and were quite surprised to find unexpected serious discrepancies.
II. RESULTS AND DISCUSSION
Our analysis of the NMR data of K 2 NiF 4 shows an excellent power-law behavior, but gave a b ¼ 0:20, instead of 0.14 (from NS). 5 In all of these compounds we found D $ 1:06. Figure 1 displays the NMR data for K 2 NiF 4 , showing a plot of Freq 5 vs T. One can see how precise the NMR data are, in contrast to the much larger scatter of data points displayed in essentially all NS measurements of this kind. Since there is not the slightest inkling of deviation from a straight line in Fig. 1 , as one approaches T c , and the fitted T c of 99.5 K, though a bit higher than the NS T c , agrees quite well with the values reported from other techniques (100.5 K from NMR linewidths and 98.7 from specific heat), it is not likely that a different b would be found in the last $ 8% of the pre-T c region. But, if it were to be the case that the b changed in 0:92 < T=T c < 1:00, then there is still a very significant a)
Author to whom correspondence should be addressed. Electronic mail: clin@temple.edu. (2011) discrepancy between the NS and NMR results for T=T c < 0:92, and so the measurements are still without doubt in disagreement. Since the fluorine resonance is exceptionally narrow, and the thermometric procedures described in Ref. 2 are superb, we believe it is the NS data that are giving erroneous results. While we will not try to pinpoint the actual problem in the NS measurements, it seems likely that extinction effects may be responsible.
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The presentations of NS data do not normally indicate how the fitted parameters are obtained, but presumably it is directly from the equation
The graphical presentations of the data are normally shown on a log-log plot. We prefer to restructure this equation in the form of a simple power-law, y ¼ A þ BX C , both for obtaining the fitted parameters as well as for the graphic portrayal of the critical region. In this format, the critical equation takes the form T ¼ T c þ BM 1=b , with the fitted parameters being the exponent 1=b, T c , and the slope B, from which D can be extracted (cf., Fig. 1 , where we have plotted T on the horizontal axis for conformity with convention). The virtue of this form is that the exponent (here, 1=b) is determined entirely by the curvature of the data points (one obtains a straight line only for the correct exponent), so that graphs of the data using various exponents give a good feel for how much uncertainty (possible error) is truly consistent with the actual data, while analytical least-squares fitting can often give a misleading impression. We believe the latter may frequently be the case in NS analyses of the critical region. In particular, the portrayal of the data on a log-log plot can be misleading because the x-axis variable is intertwined with one of the fitting parameters (T c ), so that when a crossover in b is alleged to take place, the log-log plots make it difficult to see whether an improper choice of T c is responsible, or an actual change in b.
Using the above-mentioned fitting procedures and graphical analysis and portrayals, we next examined the extensively studied classic 2D ferromagnets K 2 CuF 4 and CrCl 3 . Only K 2 CuF 4 was studied by NS as well as NMR, but here again the discrepancy between the NMR and NS results are significant. Our analysis indicates that both of these systems (as well as a number of other similar systems) show a BCRC b ¼ 1=3 in the range 0:9M 0 > M > 0. While values of b near 1/3 previously have been noted for 2D systems under some conditions, they were invariably discounted as an indication of a crossover to 3D critical behavior. We believe our analysis shows that the b of 1/3, accompanied by a D close to 1 (as opposed to $ 1:20), is a pure 2D characteristic of the critical behavior of certain 2D systems. It is viewed as a problem only insofar as being contrary to current criticalregion theory, which disallows a universal 2D exponent of 1/3. While a recent review article by Taroni et al. 6 does point out that nonuniversal exponents in the 2D XY model with fourfold crystal field can take on an unbounded spectrum of b values, this model has no special preference for b ¼ 1=3.
In support of the above-presented view, we present the BCRC analysis of the K 2 CuF 4 NMR of Kubo et al. 7 The data extend over 0:25 < T=T c < 0:65, and as can be seen from Similar results appear to hold in the 2D systems C n H 2nþ1 NH 3 ð Þ 2 CuCl 4 , which show an intermediate region magnetization fall-off proportional to T 3=2 , as reported by Kubo et al. 11 Although NMR data in numerical form were unavailable for these compounds, we have no doubt that the BCRC fits will also produce a b ¼ 1=3, since both K 2 CuF 4 and CrCl 3 behave in an identical manner. De Jongh et al. Summing up, 2D planar (spin-aligned-in-plane) ferromagnets all appear to show an exponent b $ 0:33, but with a D near 1.0. We note that CrCl 3 , unlike the other 2D ferromagnetic systems, cannot be considered to be an XY system. Thus, the 2D ferromagnetic b ¼ 1=3 with D $ 1 feature cannot be a characteristic of alleged XY systems alone, but must be more universal.
The various results for the BCRC critical behaviors of the classic 2D systems are summarized in Table I .
We tentatively note that the BCRC results obtained for the classical 2D magnets suggest that the only correct values of 1=b may be the integers, specifically, 3, 4, and 5 (although we cannot exclude 6). If so, these integers could stem from different classes of partition functions, and not from general principles of universality, scaling, relevant parameters, etc., as in current critical theory. An example of what we mean is given in the simple imaginary-constraint spin system worked out by Ben-Abraham and Nudelman. 13 It should also be remembered that the 1=b 2D Ising model exponent of 8 was obtained directly from the partition function, and not from Renormalization Group theory.
The low-temperature behaviors of the above-mentioned systems are also of great interest, because they are at odds with conventional spin-wave theory (CSWT). Both the layered fluorine compounds, as well CrCl 3 , display simple power-law behaviors at low temperatures (i.e., in the region M > 0:90M 0 Þ, in the form M/M 0 = A+BT c , not consonant with CSWT. In CrCl 3 , we find the exponent to be 4/3, whereas all of the four fluoride compounds exhibit a c = 2. In Fig. 3 we show the T 2 behavior of K 2 NiF 4 for T/T c < $0.5T c . The insert shows the spectacular fit to a straight line. These simple low-temperature behaviors of the magnetization are clearly at odds with the CSWT analyses.
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Bykovetz 3,14 has devised a semi-empirical scheme to systematize the observed behaviors. However, so far no fundamental explanations for the latter have been offered. CWST was applied with great elegance and one might say virtuosity in the above systems and appears to fit the data extraordinarily well.
2,4,10 We, however, explain the apparent good fits as being due to layers of analysis that introduce a sufficient number of adjustable parameters to fit almost any magnetization curve. We think that the simple behaviors actually displayed by CrCl 3 and the fluoride systems, as well as other simple magnetic systems, 14 herald the need for a review of the validity of conventional spin-wave theory. 
